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Embedding Cosmology and Gravity
Abhishek Goswami∗
Abstract
I start with a scenario where the universe is an abstract spaceM having d dimen-
sions. There is a two dimensional surface (dark surface) embedded in it. Sigma model
treats embedding as scalar fields. I take these d directions to be the generators of a
symmetry group SU(n) of the Lagrangian theory of embedding under sigma model.
This means embedding has n flavors. Then I introduce spontaneous symmetry break-
ing in the theory and define the direction along which the symmetry breaking occurs
as time. Then I write down the modified Einstein’s equation including the embed-
ding. Finally, I discuss embedding’s relation to the unitary evolution and the effect of
inflation on the non commutativity of the spacetime.
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1 Introduction
Cosmology at present is studied using the Hot Big Bang model that is constructed from
Einstein’s general relativity. It rests firmly on three pillars: (i) Big Bang Nucleosynthesis,
(ii) Cosmic Microwave Background Radiation and (iii) Hubble Redshift. At Planck scale
(t ∼ 10−43s), we have a hot (T ∼ 1032 K) and dense universe which is expanding and
cooling. All the regions are equivalent and there is no special point or center of the
universe. Therefore, the Big Bang must have occurred everywhere at once.
The current state of the art in cosmology has two approaches to study the universe at
Planck scale. The first is an inflationary paradigm [1], [2], [3], [4] which is based on two
assumptions: (i) a potential landscape of some field (ii) with the field sitting in some
metastable vacuum state. Hence, in this approach the hot universe is taken to be filled
with some vacuum like energy density which is in a metastable state (false vacuum). Then
the phase transition from this false vacuum (at t ∼ 10−36s) in a homogeneous patch can
trigger inflation and the subsequent multiverse. The origin of this potential landscape
is unknown and is attributed to the lack of proper initial conditions for an inflationary
scenario. Therefore, the inflationary picture, despite its successes (see for example, [5]) is
widely considered to be an incomplete one.
The second approach explores the quantum origin of the universe and tries to explain the
Big Bang itself. For example, a universe created by quantum tunneling from nothing [6]
precedes an inflationary scenario. Another one is a cyclic universe model that replaces
Big Bang with a Big Bounce [7] and provides an alternative to the inflation paradigm.
What happened at the Big Bang (or the physics before t ∼ 10−43s) remains an open
problem.
Another important aspect of the Hot Big Bang model is the presence of a dark sector.
As per the observations [8] the universe has ∼ 68% of dark energy and ∼ 27% of dark
matter content. Dark energy is most commonly studied by adding a cosmological constant
Λ in Einstein’s equations as vacuum energy density. However, its origin is still unknown.
Moreover while trying to calculate its observed value using vacuum energy of quantum
field theory we are led to what is known as “vacuum catastrophe”[9]. Dark matter models
involve both a particle physics side and a modified gravity approach. However, there is
no experimental evidence yet of dark matter candidates such as WIMPs [10]. Modified
Newtonian Dynamics (MOND) cannot fully eliminate the need for dark matter [11]. Also
MOND’s prediction that gravitational waves should travel at a speed different than the
speed of light is now ruled out [12]. Thus, dark matter is still a mystery.
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The cosmological arrow of time is central to the Hot Big Bang model. It is addressed using
entropy considerations, see for example, [13]. As per the second law of thermodynamics
the entropy of a closed system almost always increases. Since the laws of physics allow
processes with a reverse arrow of time, the second law is then understood to give a preferred
direction to events in nature. The direction being the one that increases entropy of the
universe. However, this just translates the problem of arrow time to a different problem;
why did the universe start in a very low entropy state? This is an open problem.
Here, I address the Big Bang singularity by noting that the singularity is purely temporal
in nature due to an arrow of time. Thus, the universe before the Big Bang should be
understood as an abstract space. The arrow of time (meaning time’s asymmetry) is a
physical fact of nature and emerges from this abstract space via a Big Bang. Thus, Big Bang
makes one of the axes of the abstract space asymmetrical giving a geometric explanation
of arrow of time. Note that due to the uncertainty relation ∆E∆t > ~, a non zero
energy would accompany the emergence of time. By doing so I also seek to advance our
understanding of the dark sector.
Before the Big Bang assume that the universe is an abstract spaceM having d dimensions
and no time dimension; (0, d). There is a two dimensional surface (dark surface) embedded
in it. Embedding is a map from the dark surface parametrized by (u, v) to the target space
M and can be treated as a scalar field; φ (for example, Sigma model).
φi : (u, v)→ Xµ,i(u, v) (1)
where i = 1, 2, · · · ,n denotes some internal symmetry of embeddings and Xµ are space
coordinates of M with µ = 1, 2, · · · , d. Denote Φ = (φ1, · · · , φn)†. The Lagrangian of the
embedding is given by
L = 1
2
(∂aΦ)
†(∂aΦ) +
µ2
2
Φ†Φ− λ
4
(Φ†Φ)2 (2)
where a denotes the coordinates of the dark surface; (u, v). For Φ → GΦ, where G ∈
SU(n), L is invariant. Then Xµ are the generators of a symmetry group SU(n) of the
Lagrangian theory of embedding (2) such that d = n2 − 1. Let Φ acquires a VEV
〈Φ〉 = µ√
λ
Xt. (3)
The SU(n) symmetry is then spontaneously broken. Define the direction along which
symmetry breaking occurs; Xt as time. The closed (unitary) subspace of coordinate axes;
Xµ satisfying
[Xt,Xµ] = 0 (4)
form classical spacetime. While any two coordinates Xµ and Xν satisfying (4) also sat-
isfy
[Xµ,Xν ] = i
∑
α
fαµνXα (5)
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where fαµν are known as structure constants. (4) and (5) together is the non commu-
tative spacetime with Xt being the arrow of time. Embedding acquiring a VEV is what
corresponds to the Big Bang while the embedded surface belongs to the dark sector.
In section 2, I give a brief overview of the sigma model framework in physics. Section 3
provides more details of embedding as new physics by deriving modified Einstein’s equa-
tions including embedding. Section 4 includes some discussion on embedding’s connection
to the unitary evolution, an example of embedding symmetry group and effect of inflation
on the non commutativity of the spacetime. Finally, I conclude my work in section 5.
2 Sigma model framework
Sigma model is the study of embedding of a surface Σ (base manifold) in a target space
T . It was first introduced by Gell-mann and Le´vy [14] while studying the beta decay to
describe a particle σ that took values in some manifold. In the first versions of the sigma
model Σ is taken to be the spacetime with coordinates xµ, where µ = 1, · · · , d i.e. d
dimensional base manifold and embedding is defined as
φi : xµ → φi(x) (6)
where φi are the coordinates of T with i = 1, · · · , n i.e. n dimensional target space. The
action is given by
S =
∫
ddx
[1
2
gij(φ)∂µφ
i∂µφj + V (φ)
]
(7)
where gij is a Reimannian metric on T . It is common to take the target space as some Lie
group for example, O(n).
In string theory framework, Σ is taken to be the string worldsheet i.e. trajectory traced
out by a string and T is taken to be the spacetime. Embedding is denoted as Xµ(σ, τ),
where σ, τ are the local coordinates of the worldsheet and Xµ are spacetime coordinates.
The Polyakov action is given by
SP =
T
2
∫
dσdτ
√
γγab∂aX
µ∂bX
νGµν(X) (8)
where γab is the worldsheet metric, Gµν(X) is the spacetime metric and T is the string
tension. For more applications of sigma model see for example, WZNW model [15], [16],
[17].
Here, I apply sigma model framework in a completely new manner giving a new physical
meaning to embedding. The details follow in the next section.
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3 Embedding as new physics
For a better understanding of the new physics due to embedding first consider a simple
analogy. A function f is defined from a domain set {x} to a range set {y} as
f : x→ y
such that y = f(x). Then it is common to use y and f(x) interchangeably as they are taken
to represent the same thing. Just like in string theory embedding is identified as Xµ(σ, τ).
While there is nothing wrong with this identification but it hides a deeper physics beneath
it. Here, we explore that by giving a physical meaning to f itself instead of just identifying
it with y.
M is a (0, d) manifold which is our target space (and will eventually be the spacetime).
Φ is the embedding of a two dimensional surface (u, v) (which will be a part of the dark
sector) in M. Let
Φ = (φ1, · · · , φn)† φi : (u, v)→ Xµ,i(u, v)
where µ = 1, · · · d and i = 1, · · · , n. Note that the coordinates of M, X have two indices;
µ and i. Each φi is a doublet. Denote
Φ : (u, v)→ Xµ(u, v)
Recall that the Lagrangian of the embedding (2) has a SU(n) symmetry such that d =
n2 − 1.
Notation. Let
φi(u, v) ≡ Xµ,i(u, v)
ddX(u, v) =
n∏
i=1
d∏
µ=1
dXµ,i(u, v)
(∂aΦ)
†(∂bΦ) =
n∑
i=1
(∂aφ
i)†(∂bφi) =
n∑
i=1
d∑
µ,ν=1
gµν∂aX
µ,i∂bX
ν,i
|Φ|2 =
n∑
i=1
d∑
µ,ν=1
gµνX
µ,iXν,i
|Φ|4 =
( n∑
i=1
d∑
µ,ν=1
gµνX
µ,iXν,i
)2
.
(9)
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3.1 Action of abstract space
The action should contain a part corresponding to Einstein’s gravity in M and a term for
the embedding minimally coupled to Einstein’s gravity. Let SEH be the Einstein Hilbert
action given by
SEH =
∫
ddX(u, v)
√−g R
2
(10)
whereR is the Ricci scalar and
√−g is the determinant of the Riemannian metric gµν .
Let Semb be the action of the embedding and is given by
Semb =
∫
dudv
√−γ
[1
2
γab(∂aΦ)
†(∂bΦ)− V (Φ)
]
(11)
where γab is a metric on the embedded surface. a, b runs over local coordinates u, v and√−γ is the determinant of the Riemannian metric γab. Semb is invariant under the action
of an element G ∈ SU(n).
Then the action of the abstract space M containing a two dimensional embedded surface
is
A =
∫
ddX(u, v)
√−g
[R
2
+
∫
dudv
√−γ
(1
2
γab(∂aΦ)
†(∂bΦ)− V (Φ)
)]
. (12)
Let
V (Φ) = −µ
2
2
|Φ|2 + λ
4
|Φ|4. (13)
3.1.1 Variation of the Action
Using the following formulas
δR
δgµν
= Rµν ,
1√−g
δ
√−g
δgµν
= −1
2
gµν ,
δgαβ
δgµν
= −gαµgβν (14)
and substituting δA
δgµν
= 0, we get
Rµν − 1
2
gµν
[
R+
∫
dudv
√−γ
(1
2
γab(∂aΦ)
†(∂bΦ)− V (Φ)
)]
−
n∑
i=1
d∑
µ,ν=1
∫
dudv
√−γ
[1
2
γab∂aXµ,i∂bXν,i +
µ2
2
Xµ,iXν,i − λ
4
(2gµνX
µ,iXν,i)(Xµ,iXν,i)
]
= 0.
(15)
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Denote
φµν,i ≡ Xµ,iXν,i φµν,i ≡ Xµ,iXν,i φaµbν,i ≡ ∂aXµ,i∂bXν,i (16)
and rewrite (15) as
Rµν − 1
2
gµν
[
R+
∫
dudv
√−γ
(1
2
γab(∂aΦ)
†(∂bΦ)− V (Φ)
)]
−
n∑
i=1
d∑
µ,ν=1
∫
dudv
√−γ
[1
2
γabφaµbν,i +
µ2
2
φµν,i − λ
4
2gµνφ
µν,iφµν,i
]
= 0.
(17)
This is the equation in the abstract space before the symmetry breaking.
3.2 Action after Symmetry Breaking
The action Semb has SU(n) symmetry. Let Φ acquires a VEV as
〈Φ〉 = µ√
λ
Xt
= vXt
(18)
and the SU(n) symmetry is spontaneously broken. Xt becomes the arrow of time. There
are certain directions Xµ that satisfy
[Xµ,Xt] = 0. (19)
These directions form the generators of the left over symmetry group of the embedding;
SU(m)×U(1) where U(1) symmetry is generated by Xt. There are D = m2 − 1 directions
Xµ that satisfy (19) and together with Xt form a closed unitary spacetime. Denote Xt ≡ t.
Note that after the symmetry breaking, dimensions Xν that do not satisfy (19) are not
changing with (u, v). Thus, we can say that they are independent of (u, v). Let d′ =
n2 −m2 − 1.
The action A after the symmetry breaking is
A =
∫
dd
′
X dtdDX(u, v)
√−g
[R
2
+
∫
dudv
√−γ
(1
2
γab(∂aΦ)
†(∂bΦ)− V1(Φ)
)]
(20)
where
(∂aΦ)
†(∂bΦ) =
m+1∑
j=1
(∂aφ
j)†(∂bφj) =
m+1∑
j=1
D∑
µ,ν=1
gµν∂aX
µ,j∂bX
ν,j
V1(Φ) = −µ
2
2
n∑
i=1
d∑
µ,ν=1
(
gµνX
µ,iXν,i + v gtνX
ν,i
)
+
λ
4
[ n∑
i=1
d∑
µ,ν=1
(
gµνX
µ,iXν,i + v gtνX
ν,i
)]2
.
(21)
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Note that the directions that do not depend on (u, v) will come outside of the second
integral in (20).
3.2.1 Variation of the Action
Next we vary the action δA and get
Rµν − 1
2
gµν
[
R+
∫
dudv
√−γ
(1
2
γab(∂aΦ)
†(∂bΦ)− V1(Φ)
)]
−
m+1∑
j=1
D∑
µ,ν=1
∫
dudv
√−γ 1
2
γab∂aXµ,j∂bXν,j −
n∑
i=1
d∑
µ,ν=1
∫
dudv
√−γ
[µ2
2
Xµ,iXν,i + v gtνXν,i
]
+
n∑
i=1
d∑
µ,ν=1
∫
dudv
√−γ
[2λ
4
(gµνX
µ,iXν,i + v gtνX
ν,i)(Xµ,iXν,i + v gtνXν,i)
]
= Tµν,i
(22)
where Tµν,i is the stress-energy tensor and is non zero since there is at least a vacuum like
energy present in the universe, ∆E = µ√
λ
. From the uncertainty principle,
∆E∆t > ~
∆t >
√
λ
µ
~.
(23)
We can rewrite (22) as
Rµν − 1
2
gµν
[
R+
∫
dudv
√−γ
(1
2
γab(∂aΦ)
†(∂bΦ)− V1(Φ)
)]
−
m+1∑
j=1
D∑
µ,ν=1
∫
dudv
√−γ 1
2
γabφaµbν,j −
n∑
i=1
d∑
µ,ν=1
∫
dudv
√−γ
[µ2
2
φµν,i + v gtνφν,i
]
+
n∑
i=1
d∑
µ,ν=1
∫
dudv
√−γ
[2λ
4
(gµνφ
µν,i + v gtνφ
ν,i)(φµν,i + v gtνφν,i)
]
= Tµν,i.
(24)
4 Discussion
There are somewhat subtle and important manifestations of the new physics associated
with embedding. They are explained below.
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4.1 Unitary evolution and expansion
Note that after the symmetry breaking the directions Xν such that [Xν , t] 6= 0 are non
dynamical. They do not depend on the coordinates (u, v) of the embedded surface. Em-
bedding provides a mechanism for the dimensions to expand or contract depending upon
the energy density as predicted by the Einstein’s equations. Hence, these dimensions re-
main finite (assuming they start out as finite). Therefore, when Einstein wrote down his
equations there was a-priori no reason for him to expect the spacetime to be dynamical. As
his equations are dynamical and the observations confirm an expanding universe it is the
embedding that causes the three space dimensions to expand creating more space.
Let Xµ such that [Xµ, t] = 0 denote the space like dimensions that are dynamical, i.e.
depend on embedding. Since they commute with time the dynamics in the spacetime
along these axes is transparent to the time axis. This transparency manifests itself as
unitary evolution in our spacetime. To understand what it means for dynamics to be
transparent let X1,X2 ∈ {Xµ}. Then,
[t,X1X2] = [t,X1]X2 +X1[t,X2] = 0
[t,X2X1] = [t,X2]X1 +X2[t,X1] = 0.
(25)
This is the unitary evolution in the subspace formed by {t,Xµ}.
4.2 Example : SU(3) case
As an example, consider d = 8; a (0, 8) abstract manifold M. The embedding of the dark
suface is Φ = {φ1, φ2, φ3}†, with
φi : (u, v)→ (X1,i(u, v),X2,i(u, v), · · · ,X8,i(u, v)).
where i = 1, 2, 3. For Φ → GΦ, where G ∈ SU(3), Semb is invariant. Then Xµ are the
generators of SU(3); Gell-mann matrices;
X1 =

 0 1 01 0 0
0 0 0

, X2 =

 0 −i 0i 0 0
0 0 0

, X3 =

 1 0 00 −1 0
0 0 0

, X4 =

 0 0 10 0 0
1 0 0

,
X5 =

 0 0 −i0 0 0
i 0 0

, X6 =

 0 0 00 0 1
0 1 0

, X7 =

 0 0 00 0 −i
0 i 0

,
X8 = 1√
3

 1 0 00 1 0
0 0 −2

.
9
Let Φ acquires a VEV as
〈Φ〉 = µ√
λ

 1 0 00 1 0
0 0 −2

 . (26)
As this direction commutes with X1,X2,X3 and X8 the SU(3) symmetry is spontaneously
broken to SU(2)×U(1). A frame chosen along {X8,X1,X2,X3} preserves the unitary
dynamics. They depend on embedding and form a closed set of non orthogonal basis.
Due to their closed structure and their dependence on the embedding, classically i.e. after
inflation they seem to be complete. Identifying, X8 as t-axis, and X1,X2,X3 as x, y, z
respectively we get a classical spacetime {t, x, y, z}. The metric gµν(X) defined on the
space of X8,X1,X2,X3 can only be diagonal for it to be symmetric.
DimensionsX4,X5,X6 andX7 do not depend on embedding and hence, are non dynamical.
Inflation has no effect on them. They remain finite even when the universe undergoes
exponential expansion.
4.3 Effect of Inflation
Due to the presence of a vacuum like energy in the universe, inflation can begin. It only
affects the unitary subspace {t, x, y, z}. Note that
[x, y] = 2 i z (27)
and from Heinsenberg’s minimum uncertainty principle,
∆x∆y =
1
2
〈[x, y]〉. (28)
Thus, 〈[x, y]〉 = 2 i 〈z〉. Let 〈x〉 = 〈y〉 = 〈z〉 = θ0 be constant. Then
∆x∆y = θ0. (29)
Following [18] in comoving coordinates,
θ(t) =
θ0
a(t)
(30)
that is the uncertainty in position measurements (hence, the non commutativity) gets
redshifted away with inflation. To study the non commutativity in physical coordinates,
let the distance between any two points be Λ. It has an uncertainty of O(√θ0). With
expansion,
Λ(t) = a(t)Λ. (31)
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Due to inflation, Λ(t)≫ √θ0 as θ0 is constant and the non commutativity dies away. Thus,
for classical spacetime to be commutative the non commutativity parameter θ0 has to be a
constant. This means that the uncertainty in the position measurements is also constant.
But for the uncertainty to be constant the universe must be homogeneous. If for example,
〈z〉 = f(x, y, z), then the space is inhomogeneous and non commutativity stays after the
inflation. This is because the uncertainty in position measurements also scales as a(t) and
therefore, Λ(t) ∼ √θ0 after inflation.
5 Conclusion
The new physics associated with embedding of a surface in an abstract space provides
a physical explanation for the Big Bang, the arrow of time and the dark sector. While
the dark surface may correspond to what is known as the dark matter, the energy in the
vacuum state of embedding may offer an explanation for the dark energy. The construction
here naturally predicts an inflationary scenario. Embedding provides a source for the initial
vacuum like energy density required for inflation. However, constructing an inflationary
scenario from embbedding is non trivial. Embedding also explains why the extra dimensions
near Planck scale are finite as they lack the machinery required for those space dimensions
to expand.
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